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Abstract. In this paper, we give a numerical characterization of nef arithmetic 
IR-Cartier divisors of C'^-type on an arithmetic surface. Namely an arithmetic 
IR-Cartier divisor D of C'^-type is nef if and only if D is pseudo-effective and 
di^(D^) = to1(D). 



Introduction 

Let X be a generically smooth, normal and projective arithmetic surface and let 
X — > Spec(OK) be the Stein factorization of X — > Spec(Z), where K is a number 
field and Ok is the ring of integers in K. Let L be an arithmetic divisor of C°°-type 
on X with deg(Lj<:) = (cf. Conventions and terminology |2]). Faltings-Hriljac's 
Hodge index theorem (||6l, BHl) says that 

d^g(L) < 

and the equality holds if and only if L = {(p) + (0, rj) for some Foo -invariant locally 
constant real valued function t] on X(C) and (p e Rat(X)^ := Rat(X)^ (8)^ Q. The 
inequality part of their Hodge index theorem can be generalized as follows: Let 
D be an integrable arithmetic IR-Cartier divisor of C°-type on X, that is, D = P - Q 
for some nef arithmetic R-Cartier divisors P and Q of C°-type. (cf. Conventions 
and terminology |2] and |5ll. If deg(DK) > 0, then 

deg(D^) < voi(D) 

(cf. [11, Theorem 6.2], | [T2l Theorem 6.6.1], Theorem |4.3|) . This inequality is 
called the generalized Hodge index theorem. It is very interesting to ask the equality 

condition of the inequality. It is known that if D is nef, then deg(D ) = vol(D) 
(cf. Hm Corollary 5.5], |12i Proposition-Definition 6.4.1]), so that the problem is 

the converse. In the case where deg(Dx) = (and hence vol(D) = 0), it is nothing 
more than the equality condition of the Hodge index theorem (cf . Lemma I4.1|) . 
Thus the following theorem gives an answer to the above question. 



Theorem 0.1 (cf. Theorem I4.3|). We assume that deg(DK) > 0. Then D is nef if and 
only z/deg(D^) = voi(D). 
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For the proof of the above theorem, we need the integral formulae of the 
arithmetic volumes due to Boucksom-Chen 21 and the existence of the Zariski 
decomposition of big arithmetic divisors [12]. From the point of view of a charac- 
terization of nef arithmetic R-Cartier divisors, the following variant of the above 
theorem is also significant. 

Corollary 0.2 (cf. Corollary I4.4|) . D is nef if and only if D is pseudo-effective and 
deg(D^) = voi(D). 

Let T(D) be the set of all arithmetic R-Cartier divisors M of C°-type on X such 
that M is nef and M < D. As an application of the above theorem, we have the 
following numerical characterization of the greatest element of T(D). 

Corollary 0.3 (cf. Corollary |5.4|) . We assume that X is regular. Let P be an arithmetic 
K-Cartier divisor ofC^-type on X. Then the following are equivalent: 

(1) P is the greatest element o/ Y(D), that is, P e Y(D) and M < P for all M e Y(D). 

(2) P is an element o/ Y(D) with the following property: 

deg(P ■ B) = and deg(B) < 

for all integr able arithmetic 'R-Cartier divisors B of C° -type with (0,0) SB < D-P 
(cf Conventions and terminology^. 

Finally I would like to thank Prof. Yuan and Prof. Zhang for their helpful 
comments. 

Conventions and terminology. Here we fix several conventions and the terminol- 
ogy of this paper. An arithmetic variety means a quasi-projective and flat integral 
scheme over Z. It is said to be generically smooth if the generic fiber over Z is 
smooth over Q. Throughout this paper, X is a (d -I- l)-dimensional, generically 
smooth, normal and projective arithmetic variety. Let X — > Spec(Oj<:) be the Stein 
factorization of X — » Spec(Z), where K is a number field and Ok is the ring of 
integers in K. For details of the following |2] and IH see [ [121 and lHH. 



1 . A pair (M, 1 1 • 1 1) is called a normed Z-module if M is a finitely generated Z-module 
and II • II is a norm of Mr := M R- A quantity 

, / vol(|xeME|||j:||<li) \ , , 

vol(MW(M/M,,,)) ) + '°8#M») 

does not depend on the choice of the Haar measure vol on Mr, where Mtor is the 
group of torsion elements of M. We denote the above quantity by xiM^> II ■ ID- 

2. Let K be either Q or R. Let Div(X) be the group of Cartier divisors on X and 
let Div(X)]K := Div(X) (8»z K/ whose element is called a ¥^-Cartier divisor on X. For 
D G Div(X)R, we define H\X, D) and H^{Xk, Dk) to be 

\h\X, D) = {(/) 6 Rat(X)^ I D + ((/))> O) U {0}, 
[H\Xk, Dk) = {(pe Rat(XK)^ | Dk + {(ph > on X^) U {0}, 
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where is the generic jfiber of X ^ Spec (Ox). 

A pair D = (D, g) is called an arithmetic K.-Cartier divisor of C°°-type (resp. of 
C^-type) if the following conditions are satisfied: 

(a) D is a K-Cartier divisor on X, that is, D = XiLi '^i^i for some Di, ...,Dr e 
Div(X) and fli, . . . , fl^ € K. 

(b) g : X(C) ^ R U {±00} is a locally integrable function and g oFoo = g (a.e.), 
where Foo : X(C) X(C) is the complex conjugation map. 

(c) For any point x e X(C), there exist an open neighborhood Ux of x and a 
C°°-function (resp. continuous function) Ux on Ux such that 

r 

g = Ux + ^(-ai) log \f\^ {a.e.) 

i=l 

on Ux, where f is a local equation of over Ux for each i. 
The function g is called a D-Green function ofC°°-type (resp. ofC^-type). Note that 
(i(i'^([M;c]) does not depend on the choice of local equations /i, . . . , fr, so that dd'^{[Ux\) 
is defined globally on X(C). It is called the^irsi Chern current ofD and is denoted 
by Ci(D), that is, Ci(D) = dd'{[g]) + do- Note that, if D is of C-type, then Ci(D) 
is represented by a C°°-form, which is called the first Chern form of D. Let C be 
either C°° or The set of all arithmetic K-Cartier divisors of C-type is denoted 

by Divc(X)]K. Moreover, the group 

{(D,g)GDh;c(X)Q|DeDiv(X)) 

is denoted by Divc(X). An element of Divc(X) is called an arithmetic Cartier divisor 
of C-type. For D = {D,g),E - {E,h) e Divco(X)]K, we define relations D - E and 
D > £ as follows: 

D = E « D = £, g = h{a.e.), 

D>E « D>£, g>h{a.e.). 
Let Rat(X)^ := Rat(X)^ 0z K, and let 

( )k : Rat(X)^ ^ Div(X)K and (1^ : Rat(X)^ ^ Di^c~(X)K 
be the natural extensions of the homomorphisms 

Rat(X)^ ^ Div(X) and Rat(X)^ ^ Di^c»(X) 

given hy (p t-^ {(p) and (p {(p) respectively. Let D be an arithmetic R-Cartier 
divisor of C°-type. We define r^(X,D) and r^(X,D) to be 

P(X,D) ■.= [(pe Rat(X)^ \D + (^)> (0,0)), 
f^(X, D):=[cpe Rat(X)^ | D + (^)^ > (0, 0)) . 

Note that r^(X,D) = {JZi^"" {X,nDy'". Moreover, we set 

H°(X, D) := r^(X, D) U {0} and H°^{X, D) := f ^(X, D) U {0}. 
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For £, e X, we define the ¥.-asymptotic multiplicity ofDatE, to be 

- _ finf {mult,-(D + ((/))k) I ^ e r^(X,D)) if r^(X,D) ^ 0, 
I oo otrierwise, 

(for details, see | [T2l Proposition 6.5.2, Proposition 6.5.3] and |[T4l Section 2]). 



3. Let D = (D, g) be an arithmetic R-Cartier divisor of C°-type on X. Let (\) G 
H%X{€), Dc), that is, (/) G Rat(X(C))^ and ((/)) + Dc > on X(C). Then |(/)| exp(-g/2) 
is represented by a continuous function |(/)|^ on X(C) (cf. |[T2l SubSection 2.5]), so 
that we may consider sup{|{/)|^(x) | x 6 X(C)}. We denote it by \\(\)\\^ or ||(/)||^. Note 

that, for (p e H\X,D), (p e H°(X,D) if and only if \\(p\\-^ < 1. We define voi(D) and 
volxiD) to be 

^ log #H°(X,mD) ^ x(H°(X,mD),||-|U 
voi(D) := iim sup r;— , voL(D) := iim sup r: • 

It is well known that vol(D) > vol;j(D). More generally, for ^i,. . G X and 
/Ji, . . . , jU/ G R>o, we define vol(D; f/i^i, . . . , f//^/) to be 

vol(D; ^Zi^i, . . . , := 

log#({(^ Gr^(X, mD) I mult^ (mD + ((/))) > (Vz)) U {0}) 

m-./W + D! ■ 

Note that voi(D; fi^) = voi(D) for < < |Uq,4(D). 

4. Let D be an arithmetic R-Cartier divisor of C^-type on X. The effectivity, 
bigness, pseudo-effectivity and nefness of D are defined as follows: 

• D is effective « D > (0, 0). 

• D is big « voi(D) > 0. 

• D is pseudo-effective <^==» D + A is big for any big arithmetic R-Cartier 
divisor A of C^-type. 

• D = (D,g)isnef « 



(a) deg(D|^) > for all reduced and irreducible 1-dimensional closed 
subschemes C of X. 

(b) Ci(D) is a positive current. 

A decomposition D = P + N is called a Zariski decomposition of D if the following 
properties are satisfied: 

(1) P and N are arithmetic R-Cartier divisors of C°-type on X. 

(2) P is nef and N is effective. 

(3) voi(P) = voi(D). 
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M is an arithmetic R-Cartier divisor of C°-type 1 
such that M is nef and M < D / ' 

If P is the greatest element of T(D) (i.e. P e T(D) and M < P for all M G Y(D)) and 
N = D - P, then D = P + N is a Zariski decomposition of D (cf. Proposition iB.lj) . 

5. Let D be an arithmetic R-Cartier divisor of C°-type on X. According to fT6ll, 
we say D is integrable if there are nef arithmetic R-Cartier divisors P and Q of 
C°-type such that D = P - Q. Note that if either D is of C^-type, or Ci(D) is a 
positive current, then D is integrable (cf. |[T2l Proposition 6.4.2]). Moreover, for 
integrable arithmetic R-Cartier divisors Dq, . . . , of C°-type on X, the arithmetic 
intersection number deg(Do • • • Dd) is defined in the natural way (cf . |[T2l SubSec- 
tion 6.4], fTH Subsection 2.1]). Note that if D = P -I- N is a Zariski decomposition 
and D is integrable, then N is also integrable. 

6. We assume that X is regular and d = 1. Let Di, . . . , D)t be R-Cartier divisors on 
X. We set Di = Y,c^i,cC for each i, where C runs over all reduced and irreducible 
1-dimensional closed subschemes on X. We define max{Di, . . . , D^} to be 

max{Di, ...,Dk} ■.= Y^ max{fli,c, • • • , flfc,c}C. 
c 

Let Di = (Di,gi), . . . , D/c = {Dk,gk) be arithmetic R-Cartier divisors of C'^-type on 
X. Then maxjDi, . . . , D^} is defined to be 

max{Di, . . . , D^} := (max{Di, . . . , D^}, max{gi, . . . , g^}) . 

Note that maxjDi, . . . , Dk} is also an arithmetic R-Cartier divisor of C°-type (cf. 
ma Lemma 9.1.2]). 

1. Relative Zariski decomposition of arithmetic divisors 

We assume that X is regular and d = 1. The Stein factorization X — > Spec(Oi<) 
of X — > Spec(Z) is denoted by n. Let D = {D,g) be an arithmetic R-Cartier 
divisor of C°-type on X. We say D is relatively nef if Ci(D) is a positive current 
and deg(D|^) > for all vertical reduced and irreducible 1-dimensional closed 
subschemes C on X. We set 



rrei{D):=lM 



M is an arithmetic R-Cartier divisor of C°-type 1 
such that M is relatively nef and M < D J 

Theorem 1.1 (Relative Zariski decomposition). If deg(Dj<c) > 0, then there is the 
greatest element Q of T,.e/(D), that is, Q e T,.g/(D) and M < Q for all M e Trd{D). 
Moreover, if we set N := D - Q, then Q and N satisfy the following properties: 

(a) N is vertical. 

(b) d^(Q ■ N) = 0. 
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(c) For any P e SpecCO^), n-^{P)red ^ Supp(N). 

(d) The natural homomorphism H^{X,nQ) — > H°(X,nD) is bijective and \\ ■ = 
II ■ II„q/c"' eiich n > 0. 

(e) ^\,{Q) = ^\,(D). 

Before staring the proof of Theorem ll.il we need several preparations. Let D 
be an R-Cartier divisor on X. We say D is n-nef ii deg(D|c) > for all vertical 
reduced and irreducible 1-dimensional closed subschemes C on X. First let us 
consider the relative Zariski decomposition on finite places. 

Lemma 1.2. Let D be an "R-Cartier divisor on X and let E(D) be the set of all M^-Cartier 
divisors M on X such that M is n-nef and M < D. If deg(Dj,c) > 0, then there is the 
greatest element Q of 11(0), that is, Q e r,(D) and M < Qfor all M e E(D). Moreover, 
if we set N := D - Q, then Q and N satisfy the following properties: 

(a) N is vertical. 

(b) deg(Qlc) = 0/or all reduced and irreducible 1-dimensional closed subschemes C 
in Supp(N). 

(c) For any P e Spec(OK), n-\P)red $2 Supp(N). 

(d) The natural homomorphism H^{X,nQ) — > H°(X,nD) is bijective for each n >0. 
Proof Let us begin with following claim: 

Claim 1.2.1. L{D) + 0. 

Proof. First we assume that deg(DK) = 0. Then, by using Zariski's lemma (cf . | fT4l 
Lemma 1.1.4]), we can find a vertical and effective R-Cartier divisor E such that 
deg((D - £)lc) = for all vertical reduced and irreducible 1-dimensional closed 
subschemes C on X, and hence E(D) + 0. 

Next we assume that deg(DK) > 0. Let A be an ample Cartier divisor on X. 
As deg(DK) > 0, H^{XK,mDK - Ak) + {0} for some positive integer m, and hence 
H%X,mD - A) ^ {0}. Thus, there is (p e Rat(X)>' such that mD - A + {(p) > 0, that 
is, D > {l/m){A - {(p)), as required. □ 

Claim 1.2.2. IfLi, ...,L]^are n-nef K-Car tier divisors, then maxjLi, . . . , L^} zs also n-nef 
(cf Conventions and terminology^. 

Proof. We set U. := maxjLi, .. .,Lk} - Li for each i. Let C be a vertical reduced 
and irreducible 1-dimensional closed subscheme on X. Then there is i such that 
C ^ Supp(Lp. As U. is effective, we have deg(L^|^) > 0, so that 

deg(max{Li, . . . , L^}|c) = deg(L;|c) + deg(L;|^) > 0. 

□ 

For a reduced and irreducible 1-dimensional closed subscheme C on X, we set 

qc •■= sup{multc(M) | M G L{D)}, 

which exists in R because multc(M) < multc(D) for all M G E(D). We fix Mo G 
E(D). 
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Claim 1.2.3. There is a sequence {M„}'^^^ of K-Cartier divisors in r,(D) such that 
Mq < Mn for all n > 1 and lim„^oo multc(M„) = qc foT all reduced and irreducible 
1-dimensional closed subschem.es C in Supp(D) U Supp(Mo). 

Proof. For each reduced and irreducible 1-dimensional closed subscheme C in 
Supp(D) U Supp(Mo), there is a sequence {Mc,„}'^^^ in L(D) such that 

lim multc(Mc,n) = qc- 

)I— >oo 

If we set 

Mn = max({MQ„}ccSupp(D)uSupp(Mo) U {Mo}), 
then Mo < M„ and M„ 6 L{D) by Claim 1LZ21 Moreover, as 

multc(MQ„) < multc(M„) < qc, 
lim„^oo multc(M„) = qc- □ 
Since max{Mo,M} G E(D) for all M G E(D) by Claim [LZ2l we have 

multc(Mo) <qc< multc(D). 

In particular, if C $2 Supp(D) U Supp(Mo), then qc = 0, so that we can set Q := 
Ec^cC. 

Claim 1.2.4. Q is the greatest element Q in E(D), that is, Q G L(D) and M < Qfor all 
M G E(D). 

Proof. By Claim [TT2.3[ we can see that Q G E(D), so that the assertion follows. □ 
We need to check the properties (a) - (d). 

(a) We choose effective R-Cartier divisors Ni and N2 such that N = Ni+ N2, Ni 
is horizontal and N2 is vertical. If Ni 0, then Q ^ Q-^N\ <T:) and Q + Ni is 
7i-nef, so that we have Ni = 0, that is, N is vertical. 

(b) Let C be a vertical reduced and irreducible 1-dimensional closed subscheme 
in Supp(N). If deg( Ql^) > 0, then Q -I- eC is 7i-nef and Q -I- eC < D for a sufficiently 
small e > 0, and hence deg(Q|c) = 0. 

(c) We assume the contrary. Then we can find 6 > such that 671"^ (P) < N, so 
that Q ^ Q -I- 67T"^(P) < D and Q -I- 671"^ (P) is 7i-nef. This is a contradiction. 

(d) It is sufficient to see that if (/) G r^(X,nD), then ^ G r^(X,nQ). Since 
(-l/n)({/)) G Z(D), we have (-l/n)((/)) < Q, that is, nQ + ((/)) > 0. Therefore 
(/)Gr(X,nQ). □ 

Moreover, we need the following lemma. 

Lemma 1.3. Let S be a connected compact Riemann surface and let D be an ^.-divisor 
on S with deg(D) > 0. Let gbe a D-Green function of C'^ -type on S and let G{D,g) be 
the set of all D-Green functions h of -type on S such that Ci{D,h) is a positive current 
and h < g (a.e.). Then there is the greatest element q ofG{D,g), that is, q G G{D,g) and 
h < q (a.e.) for all h G G{D,g). Moreover, q has the following property: 

(1) \\(p\\ng = \\(p\\nqforall (p G H%S,nD) and n>0. 

(2) f{g-qMD,q) = 0. 
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Proof. The existence of q follows from [3, Theorem 1.4] or [[12l Theorem 4.6]. We 
need to check the properties (1) and (2). 

(1) Clearly \\(p\\„cj > \\(p\\ng because q < g (a.e.). Let us consider the converse 
inequality. We may assume that (p 0. We set 

q' :=max{^j,ilog(|(^)|Vl|(^)|P„,)}. 

Since D > {-l/n){(p) and (l/n)log(|(/)p/l|(/)||^g) is a (-l/n)((/))-Green function of 
C°°-type with the first Chern form zero, by [12, Lemma 9.1.1], q' is a D-Green 
function of C°-type such that Ci{D,q') is a positive current. Note that ||<^||^g > 
exp(-ng) (a.e.), that is, 

g>(l/n)log(|(^|Vl|(^)|P„,) (a.e.), 

and hence q' e G{D,g). Therefore, as q' > q (a.e.), we have q = q' (a.e.), so that 
q > (l/n)log(|(^p/ll<^>ll?,^) (a.e.), that is, > exp(-nij) (a.e.), which implies 

ll^lln, > ll^lln,. 

(2) If deg(D) = 0, then the assertion is obvious because Ci{D,q) = 0, so that we 
assume that deg(D) > 0. First we consider the case where g is of C^-type. We set 
a := Ci{D,g) and 

(p := sup {\p \xjj is an a-plurisubharmonic function on S and i/' < 0} 

(cf. [3]). Then, by |[12l Proposition 4.3], q = g + <p (a.e.). In particular, (p is 
continuous because g and q are of C'^-type. If we set D = {x G S | (p{x) = 0}, then, 
by BU Corollary 2.5], Ci(D, q) = l^a, where Id is the indicator function of D. Thus 

^{g-q)cr{D,q) = Q. 

Next we consider a general case. Let g' be a D-Green function of C°°-type. We 
sei g = g' + u (a.e.) for some continuous function u on S. By using the Stone- 
Weierstrass theorem, we can find a sequence of C°°-f unctions on S such that 
lim^^co \\Un - wllsup = 0. We set gn := g' + w«. Let qn be the greatest element of 
G{D,gn). As 

g - \\Un - Ullsup <gn<g+ W^n - "llsup (a.e.), 

we can see q - - u||sup < qn < q + \\u„ - wHsup (a.e.). Thus, if we set qn = 
g' + Vn (a.e.) and q = g' + v (a.e.) for some continuous functions and v on S, then 
lim„^co \\v„ - v\\sup = 0. Moreover, by using the previous observation, 

= \ign- qn)ci{D,q„) = I {u„ - v„)ci{D,q„). 
Js Js 

Since Ci{D,q„) = Ci(D,g') + dd'{[Vn]) > 0, by using 15] Corollary 3.6] or IITil 
Lemma 1.2.1], we can see that Ci(D, qn) converges weakly to Ci(D, q) as functionals 
on C°(S). In particular, there is a constant C such that j^Ci{D,q„) < C for all n. 
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Thus 



I {u„ - Vn)c^{D,qn) - \ {u- v)ci{D,q) 
Js Js 

< \{Un- Vn)ci{D,q„) - \ {u- v)ci{D,q„) 
Js Js 



+ 



I {u - v)ciiD,qn) - I (u- v)ciiD,q) 
Js Js 



< 



Therefore, 



(u-v)- {u„ - u„)||supC + - v)ci{D,q„) - ^{u - v)ci{D,q) 

lim I {Un - Vn)ci{D,qn) = \{u- v)ci{D,q), 
Js Js 



and hence the assertion follows. 



□ 



Proof of Theorem [LTI Let us start the proof of Theorem ll.li First we consider the 
existence of the greatest element of Tre/(D). By Lemma [L2l there is the greatest 
element Q of E(D). Note that D - Q is vertical. On the other hand, let G(D) be 
the set of all D-Green functions h of C^-type such that Ci(D, h) is a positive current 
and h < g (a.e.). By Lemma [L3l there is the greatest element q of G(D), that is, 
q G G(D) and h < q (a.e.) for all h G G(D). Let us see that q is Foo-invariant. For 
this purpose, it is sufficient to see that F*^{q) G G(D) and h < Fl^{q) (a.e.) for all 
h G G(D). The first assertion follows from [12, Lemma 5.1.2]. Let us see the second 
assertion. Since Fl^{h) G G(D) by (111 Lemma 5.1.2], F*^{h) < q (a.e.), and hence 
h < Fl,{q) (a.e.). Here we set Q := {Q,q). Clearly Q G Trei(D). Moreover, for M G 
TreiiD), {M',h') := max{Q,M} G T,,/(D) by Claim [LZZl and ||12l Lemma 9.1.1] (for 
the definition of max{Q,M}, see Conventions and terminology [6l). In particular, 
M' G L{D) and h' G G(D), and hence (M', h') = Q, that is, M < Q, as required. 

Finally let us see (a) — (e). As Q is the greatest element of I,(D), (a), (c) and the 
first assertion of (d) follow from Lemma 11.21 The second assertion of (d) follows 
from (1) in Lemma |1.3[ The property (e) is a consequence of (d). Finally we 

consider (b). If we set N = (N, k), then deg(Q • (N, 0)) = by (b) in Lemma [L2l and 

deg(Q • (0, k)) = by (2) in Lemma [L3l and hence deg(Q • N) = 0. □ 



2. Generalized Hodge index theorem for vol;^ 

In this section, we consider a refinement of the generalized Hodge index the- 
orem on an arithmetic surface, that is, the case where d = 1. As in Conventions 
and terminology |5j an arithmetic R-Cartier divisor D of C°-type on X is said to 

be integrable ii D = P - Q for some nef arithmetic R-Cartier divisors P and Q of 
C°-type. 
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Theorem 2.1. Let D be an integrable arithmetic H-Cartier divisor of C^-type on X such 
that deg(Dj,c) > 0. Then deg(D ) < voI^y(D) and the equality holds if and only ifD is 
relatively nef In particular, deg(D ) < vol(D). 

Proof. Let fi : X' ^ X be a desingularization of X (cf. ITOl). Then deg(D^) = 
deg{[^*{D)^) and vol^{D) = vol^{jj.*{D)). Moreover, D is relatively nef if and only if 
jU*(D) is relatively nef. Therefore we may assume that X is regular. 

Claim 2.1.1. IfD is relatively nef then deg(D ) = vol^(D). 

Proof. We divide the proof into five steps: 

Step 1 (the case where D is an arithmetic Q-Cartier divisor of C°°-type and 

Ci(D) is a semi-positive form) : In this case, the assertion follows from Ikoma ^ 
Theorem 3.5.1]. 

Step 2 (the case where D is of C°°-type, Ci(D) is a positive form and deg(D|^) > 
for all vertical reduced and irreducible 1-dimensional closed subschemes C) : 
We choose arithmetic Cartier divisors Di, . . . , D/ of C°°-type and real numbers 
fli, . . . such that D = fliDi + • • • + fl/D/. Then there is a positive number 6o such 
that Ci{biDi + • • • + biDi) is a positive form for all bi,...,bi G Q with \bi - ai\ < 6o 
(Vz = 1, . . . , /). Let C be a smooth fiber of X — > Spec(OK) over P. Then, for 
&i, ...,&/ G Q with \bi - ai\ < 6o (Vz = !,...,!), 

d^ ((fciDi + • • • + J = deg((fciDi + • ■ • + biDi)K) log#{OK/P) > 0. 

Let Ci, . . . , C,- be all irreducible components of singular fibers of X — > Spec(Oi<c). 
Then, for each ; = 1, . . . , r, there is a positive number 6j such that 

d5((&iDi + --- + &/D0y >0 

for all bi,...,bi G Q with \bi - < 6j (Vz = 1, . . .,/). Therefore, if we set 6 = 
min{6o, 5i, . . . , 6^, then, for fci, G Q with \bi - ai\ < 6 (Vz = 1, . . . , I), 

c,{b^D, + --- + biDd 

is a positive form and deg^(&iDi + h &;D;)|^) > for all vertical reduced and 

irreducible 1-dimensional closed subschemes C on X, and hence 

deg((fciDi + • • • + b,D,f) = voi^^(fciDi + ■ ■ ■ + &/D/) 

by Step 1. Thus the assertion follows by the continuity of vol^ due to Ikoma 
Corollary 3.4.4]. 

Step 3 (the case where D is of C°°-type and Ci(D) is a semi-positive form) : Let A 
be an ample arithmetic Cartier divisor of C°°-type on X. Then, for any positive e, 

Ci(D -I- eA) is a positive form and deg((D -I- e^)],^) > for all vertical reduced and 
irreducible 1-dimensional closed subschemes C on X, so that, by Step 2, 

deg((D + eAf) = voi^^,(D + eA). 
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Therefore the assertion follows by virtue of the continuity of vol^^. 

Step 4 (the case where deg(Dj<c) > 0) : Let ^ be a D-Green function of C°°-type 
such that Ci{D,h) is a positive form. Then there is a continuous function cp on 
X(C) such that D = {D,h + (p), and hence Ci{D,h) + dd%[(p]) > 0. Thus, by lEl 
Lemma 4.2], there is a sequence of Foo -invariant C°°-functions on X(C) with 

the following properties: 

(a) lim„^oo \\(pr^ - (/)||sup = 0. ^ 

(b) If we set D„ = (D, h + (p„), then Ci(D„) is a semipositive form. 

Then, by Step 3, deg(D„) = vol^{Dn) for all n. Note that lim„^oo vol;(-(D„) = vol^^-(D) 
by using the continuity of vol;j . Moreover, by [141 Lemma 1.2.1], 

lim d5(D') = d^p'), 

as required. 

Step 5 (general case) : Finally we prove the assertion of the claim. As before, let 
A be an ample arithmetic Cartier divisor of C°°-type on X. Then, for any positive 
number e, deg(DK + cAk) > 0. Thus, in the same way as Step 3, the assertion 
follows from Step 4. □ 

Let us go back to the proof of the theorem. Let Q be the greatest element of 
T,d(D) (cf. Theorem O]) and N :=D-Q. Then, by using Claim IZO and the 
properties (b) and (e) in Theorem ll.il 

^\,(D) - d^(D') = ^1,{Q) - d5(D') = d5(Q') - d^io') = -d^(N ). 
On the other hand, if we set N = (N, k), then 

d^(N) = d5((N,0)2) + i r kdd^ik) 

^ Jx(C) 

because N is vertical. By (c) in Theorem 11.11 together with Zariski's lemma, 

deg((N, 0)^) < and the equality holds if and only if N = 0. Moreover, by [[Til 
Proposition 1.2.3 and Proposition 2.1.1], 

r kdd\k) < 

Jx(C) 

and the equality holds if and only if k is locally constant. Thus deg(N ) < 0, that 
is, vo1y(D) > deg(D ). Moreover, if D is relatively nef, then v(A^{p) = deg(D ) by 
Claim[2XIl Conversely if voi,v(D) = deg(D\ that is, deg(N^) = 0, then N = and 
k is locally constant, and hence D = Q + (0, fc) is relatively nef. □ 

As a corollary of the above theorem, we have the following: 

Corollary 2.2. We assume that X is regular. The following are equivalent: 

(1) Q is the greatest element ofTrei{D). 

(2) Q is an element ofTrei{D) with the following properties: 
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(i) D - Q is vertical. 

(ii) deg(Q • B) = and deg(B ) < for all integrable arithmetic M-Cartier 
divisors B of -type with (0,0) SB <D -Q. 

Proof First, let us see the following claim: 

Claim 2.2.1. Let Di and D2 be arithmetic M^-Cartier divisors of C^-type on X such that 
Di < D2. If the natural map H^{X,nDi) — > H^{X,nD2) is bijectivefor each n > 0, then 
vol,,(Di) < vol^^(D2), 

Proof. This is obvious because || ■ H^j^^ > || ■ \\„-q^- □ 

(1) => (2) : By the property (a) in Theorem ll.il D - Q is vertical. For < e < 1, 
we set De = Q + eB. Then is integrable and vol^.(De) = vol^(Q) because 

<^\^i^e) and ^\^(Q)^^\(p) 

by Claim 12.2.11 and the properties (d) and (e) in Theorem 11.11 Thus, by using 
Theorem 12. 11 

d5(D') < ^\,m = ^k(Q) = d^{Q\ 

which implies 2deg(Q • B) + edeg(B ) < 0. In particular, deg(Q • B) < 0. On the 
other hand, as B is vertical, 

d;i(Q-B) = d^(Q-(B,0)) + ^ r Ci(Q)fc>0 

^ Jx(C) 

where B = (B, b). Therefore, deg(Q • B) = and deg(B ) < 0. Here we assume that 
deg(B ) = 0. Note that 

d5(B') = d5((B,0)2) + i r bdd^b). 

^ Jx(C) 

Thus, by using the property (c) in Theorem ll.il Zariski's lemma and | [T4l Propo- 
sition 1.2.3 and Proposition 2.1.1], B = and & is a locally constant function. In 

particular, Q + B is relatively nef and Q + B < D, so that B = 0. 

(2) => (1) : Let M be an element of T,,;(D). Jf we set A := max{Q,M} (cf. 
Conventions and terminology [S]) and B = {B,b) := A - Q, then B is effective, A < D 
and A is relatively nef by Claim [L2.2I and fl2}. Lemma 9.1.2]. Moreover, 

B = A-Q<D-Q. 

If we assume B > (0, 0), then, by the property (ii), deg(Q ■ B) = and deg(B ) < 0. 

On the other hand, as A is relatively nef, B is effective and B is vertical by the 
property (i), 

d^(B') = dii(Q + B • B) = dii(A • B) = d^{A ■ (B, 0)) + ^ f c^{A)b > 0, 

^ Jx(C) 
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which is a contradiction, so that B = (0, 0), that is, Q = A, which means that M < Q, 
as required. □ 

Remark 2.3. Let D be an integrable arithmetic R-Cartier divisor of C°-type on X 
with deg(Dx) > 0. For a positive number e, we set 

^ '= ZF 

• [K:Q]deg(DK) 

Then, as deg((D - (0, a)f) = 2e[K : Q] deg(DK) > 0, by Theorem lO there is 

(peH\X,n{D-{0,a)))\{0} 
for some n > 0. Note that I|(/)||„(d-(o,«)) = \\<P\\„D^'>^Pii^'^)/'^)' that 

(PeH\X,nD)\{0} and < exp 



ndeg(D ) 

+ ne 



2[K:Q]deg(DK) 

which is nothing more than Autissier's result [2, Proposition 3.3.3]. 

3. Necessary condition for the equality vol = vol^ 

This section is devoted to consider a necessary condition for the equality vol = 

vol; as an application of the integral formulae due to Boucksom-Chen [|4J. 

First of all, let us review Boucksom-Chen's integral formulae [4l in terms of 
arithmetic R-Cartier divisors. For details, see |T5l Section 1]. We fix a monomial 
order ;< on Z^^, that is, < is a total ordering relation on with the following 
properties: 

(a) (0,...,0) :< AforallA gZJq. 

(b) IfA^B for A,B G Zj^, then A + C < B + C for all C G Zj^. 

The monomial order < on Z^g extends uniquely to a totally ordering relation < on 
X'^ such that A + C < B + C for all A, B, C G Z'* with A<B. Indeed, for A, B G Z^, 
we define A :< B as follows: 

A<B « thereis C G Zjo suchthatA + C,B + C gZJo and A + C<B + C. 

It is easy to see that this definition is well-defined and it yields the above extension. 
Uniqueness is also obvious. 

Let Zp = (zi, . . . ,Z(f) be a local system of parameters of ^x^,p for P G X{K). Note 
that the completion ^x-^,p of ^x-^,p with respect to the maximal ideal of ^x^,p is 
naturally isomorphic to K^Zi, . . ., Zd\, where K is an algebraic closure of K. Thus, 
for / G ffx^,p, we can put 
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We define ord^pif) to be 

J < . i^}^ {(^1' C(a, a,) ^ O) if / ^ 0, 

ord~(/):=i ~ , 

loo otherwise, 

which gives rise to a rank d valuation, that is, the following properties are satisfied: 

(i) ord;(/g) = ordJ(/) + ord,^^(g) for /,g G ^x^,p. 

(ii) min {ordJ(/), ord < ord J(/ + g) for f,ge ^x^,p. 

By the property (i), ord^^ : ^x-^,p \ {0} — > has the natural extension 

ordj : Rat(X^)x ^ 

given by ord^^{f/g) = ord|,(/) - ord^^{g). Note that this extension also satisfies the 
same properties (i) and (ii) as before. Since ord^^iu) = (0, . . .,0) for all u 6 ^x-p' 
ord^p induces Rat(X;^)^/(^^_p — > Z''. The composition of homomorphisms 

Div(X^) ^ Rat^(X^)/^|_p X'^ 

is denoted by mult^j,, where ap : Div(X^) — > Rat(X^)^/^^_p is the natural homo- 

morphism. Moreover, the homomorphism mult^^ : Div(X;^) — ^ Z'' gives rise to 
the natural extension Div(X^) (8»z IR — ^ IR** over IR. By abuse of notation, the above 
extension is also denoted by mult^^. 

Let D = (D, g) be an arithmetic R-Cartier divisor of C°-type (cf . Conventions 
and terminology l2l). Let V, = ®„,>o be a graded subalgebra of R{Dk) := 
0^^^oH°(XK,mDK) over K. The Okounkov body A{V.) of V. is defined by the 
closed convex hull of 

U {mult,^^(D^ + (l/m)((/))) G Ki, | (/) G 0^ K \ {0}) . 

m>0 

For i G IR, let Vl be a graded subalgebra of V, given by 

m>0 

where (y,„ n H°(X, m(D + (0, -2f)))^^ means the subspace of V„, generated by fi 

H°(X,m(D + (0, -20)) over Let G^.^ ^ : A(y.) ^ R U {-oo} be a function given 
by 

Q_ ._ |sup{^ G R I X G A(yi)} if X G A(y*) for some i, 
(D;y.) I otherwise. 
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Note that G^.y^^ is an upper semicontinuous concave function (cf. BH, SubSec- 
tion 1.3]). We define voi(D; V,) and voi,v(D; V,) to be 

— _ # log (y^ n H%X, mD)) 
vol(D; V,) := limsup — — , 

^ _ x(VmnH%X,mD)A\-\lj^) 
volv(D; V.) := lim sup . , — — . 

Moreover, for ^ G X^, we define fiQ^£(D; 1/,) as follows: 

inf {mult£ (d + ^((/))) | m G Z, (/) G y„, n H0(X, mD) \ {0}) if N(D; V,) ^ 0, 
cx) otherwise, 

where N(D; y.)_= {m G Z>o | nHO(X, mD) + {0}}. Note that\^l(D; V,) = \^1(D), 
vol^^(D;y.) = vol^;,(D) and i^q,^(D;V.) = ftQ,4-(D) if y„, = H%XK,mDK) f or m » 
(cf. Conventions and terminology |2] and ID. Let 0(D; y.) be the closure of 

{xeA{V.)\G^j^.y^^{x)>0]. 

If contains an ample series (cf. [15, SubSection 1.1]), then, in the similar way as 
im, Theorem 2.8] and JH, Theorem 3.1], we have the following integral formulae: 



(3.1) vol(D;y.) = (rf + l)![K:Q] f G(^.y^){x)dx 

Jo(D;y.) 

and 

(3.2) ^l,{D;V,) = {d + l)\[K:Q] f G^^.y^^{x)dx. 

Ja{v.) 

Note that the arguments in Q work for an arbitrary monomial order. Let v : R'^ — > 
R be a linear map. If we give the monomial order -<v on by the following rule: 

def 

a <yh either v{a) < v(fc), or v{a) = v{h) and a <i^^ h, 

then v{a) < v{b) for all a,h e Z^g with a Let us begin with the following 

lemma. 

Lemma 3.3. If V, contains an ample series and vol(D; V,) > 0, then we have the 
following: 

(1) e(D; V.) = A(yO) = [x G A(K) | G(|5^^.)(x) > o). 

(2) We assume that v is given by v{xi, . . . ,Xd) = Xi + ■ ■ ■ + Xr, where 1 < r < d. 
We further assume that the monomial order <, satisfies the property: v{a) < v{b) 
for all a,b e Z^^ with a <, b. Let B is a reduced and irreducible subvariety of 

X-^ such that B is given by Zi = ■ ■ ■ = Zr = around P. Then [J-q^D; V,) = 
min{v(x) | x G @(D;V.)]. 
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Proof. (1) Note that 

{x G A{V.) I G(j5^^,)(x) > O) c A(y^) c {x G A{V.) \ G(^.^y^^{x) > o) 

and |x G A{V,) \ G^^.y^-jix) > o| is closed because G^.y^^ is upper semicontinuous. 

Thus it is sufficient to show that [x G A{V.) \ G^^.y^^{x) > o) c 0(D; K). Let x G 
A{V.) with Gp.y.)(^) > 0. As 



vol(D;K) = {d + l)\[K:Q] 



/_ 

j0(D;y.) 



by (|3.1|) , we can choose y G 0(D; y.) with G(^.y_)(i/) > 0. Then 

for alH G R with < ^ < 1. Thus x G 0(D; V.). 
(2) First let us see the following claim: 

Claim 3.3.1. For L G Div(X)R, v (mult J (L)) = multgCL). 

Proof. It is sufficient to see that v(ordq^{f)^ = ordsC/) for / G \ {0}. We set 

/ = ^/JeZ'^o ^P^^ ^ ~ ^^^zp(f)- Note that ordgC/) = min{v(j6) | 0}. Thus the 

assertion follows because Ca and v{a) < v(j6) for j6 G Z^g with ^ 0. □ 

If we set 

x^=multl{D + {l/m){(P)) 
for (/) G n H°{X,mD) \ {0} and m > 0, then G^^y^^{x^) > by the definition of 
^(D-v.y hence, x^ G 0(D; F.) by (1). Therefore, by Claim l33Jl 

min{v(x) | x G 0(D; F.)} < v{x^) = mult^p + {l/m){(p)), 
which implies min{v(x) | x G 0(D; V,)} < /jq^b(D; V,). 
Claim 3.3.2. 









^q,b(D; y.) < V 


multf 


D + 









where c^eK and E^ey„,nHO(x,mD)\|oi ^'P'P * 0- 
Proof. By the property (ii). 



mm _ 

(\)eV,„r\H°(X,mD)\\Q} 



ordJ((^)j < ord 



<ii)ey„,nHO(X,mD)\|0} 



on 'Zf, which yields 



mm _ 

<i6ey,„nH0(X,mD)\{0| 



\ordl{<P))]<v 



ord^ 



\(i>eV„,r,H°{X,m'D)\{0] 
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and hence 



min_ {v(multJ(D + (l/m)((^)))) 







( / 


< V 


mult? 

Zp 


D + 




\ 





„r\fP(X,mD)\\0] 

Thus the claim follows by Claim IXS.li □ 

By the above claim together with (1), 

0(D; V,) = A{V°) Q{xe A{V.) \ ^q,b(D; V.) < v(x)}, 
which shows that min{v(x) | x e @{D; V,)} > /,iq^b(D; V,), as required. □ 

The following theorem is the main result of this section. 

Theorem 3.4. IfV, contains an ample series, vol(D; V,) = vol^.{D; V,) > and 
inf {mult^CD + (l/m)((/))) | m G Z>o, (peV„r\ {0}) = 

for ^ G Xk, then ftQ,£(D; V.) = 0. 

Proof. First let us consider the following claim: 

Claim 3.4.1. 0(D; V.) = A{V,). 

Proof It is sufficient to see that A{V.)° c |x g A{V,) \ G^-^.y^^{x) > o}. We assume 
the contrary, that is, there is y G A{V,y with G^.y^^iy) < 0. Then, by using the 
upper semicontinuity of G^.^^j, we can find an open neighborhood U of y such 

that U c A{V,)° and Gp.y.)(^) < for all xeU. Then, as @{D; V,) c A{V,) \ U, by 

the integral formulae of vol and vol;;- (cf. (|3.1|) , (|3.2|)) and (1) in Lemma l33l 

^l,r(D;y.) 



= I G,-^.yJx)dx = I G,^.yJx)dx+ I G^^.yAx)dx 
Ja{v.) Ju Ja(v.)\u 

r G0.y^^{x)dx < f_ G(p.y^){x)dx - 

Ja(V.)\U ' Je(D;V.) 



>Aiv.)\u • Jem.) ^""^^-^ ' {d + l)\[K:QY 

This is a contradiction. □ 

Let B be the Zariski closure of {E,} in X. We choose P G X(]<C) and a local 
system of parameters Zp = (zi, . . . , z^) at P such that P is a regular point of and 
Zi = • • • = Zr = is a local equation of at P. Let v : R** — » IR be the linear map 

given by v(xi, ...,Xd) = Xi H h x^. We also choose a monomial order :< such that 

v{a) < v{b) for all a,b e with a <,b. By our assumption, 

inf {mult^CD + {l/m){(p)) \ m G Z>o, (/) G y,„ \ {0}) = 0. 

This means that min{v(x) | x G A{V,)} = 0, and hence, by Claim |3AT] and (2) in 
Lemma 13.31 

jUq,^c(D; V,) = min{v(x) | x G 0(D; 1/.)} = 0. 



18 ATSUSHI MORIWAKI 

□ 

Corollary 3.5. I/Dk is nef and big on the generic fiber Xk and vol(D) = vol^.(D) > 0, 
then IJ^Q,^{D) = Ofor all E, e Xk- 

Proof. As Dk is nef and big, in the similar way as [[T2l Proposition 6.5.3], for any 
e > 0, there is(p e Rat(Xj<)^ such that 

Dk + {(p)Q > and mult^CD^ + {(P)q) < e, 

which means that 

inf {mult4(D + {l/m){(p)) \ m e Z>o, (p e H\XK,mDK) \ {0}) = 0. 
Thus the corollary follows from Theorem 13.41 □ 

4. Equality condition for the generalized Hodge index theorem 

Here let us give the proof of the main theorem of this paper. We assume that 
d = 1. Let us begin with the following two lemmas. 

Lemma 4.1. We assume that X is regular. For an integrable arithmetic "R-Cartier divisor 
D of -type on X (cf Conventions and terminology^, we have the following: 

(1) We assume that deg(DK) = 0. Then deg(D ) = if and only ifD = (xp)^ + (0, A) 
for some ip e Rat(X)^ and A g R. 

(2) The following are equivalent: 

(a) deg(Dx) = and D is nef. 

(b) deg(Dj<:) = 0, D zs pseudo-effective and deg(D ) = 0. 

Proof. (1) First we assume that deg(D^) = 0. By lUl Theorem 2.2.3, Remark 2.2.4], 
there are G Rat(X)^ and an Foo-invariant locally constant real valued function 

r] on X(C) such that D = {(p)^ + (0,?]). Let K{C) be the set of all embeddings 
o -.K^C. For each o G K{€), we set X^ = X x^^^^^^^^ Spec(C), where x^^^^^^^^ 

means the fiber product with respect to a : K C. Note that {Xg}aeK{C) gives rise 
to all connected components of X(C). Let r]^ be the value of 7] on X^,. We set 

Then E,a = E,a for all a G ]<C(C) and ZaeK(C) = 0. Thus, by Dirichlet's unit theorem, 
there is w G R such that (w)^ = (0, E,). Therefore, we have 

D = (^)^ + {0,A). 

The converse is obvious. 

(2) (a) => (b) follows from the non-negativity of deg(D ) ( [[T2l Proposition 6.4.2], 
ffm Subsection 2.1]) and the Hodge index theorem ([141 Theorem 2.2.3]). Let us 

show that (b) =^ (a). By (1), D = (ip)^ + (0, A) for some ip G Rat(X)^ and A G R. 
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Let A be an ample arithmetic Cartier divisor of C°°-type. Then, as D is pseudo- 
effective, 

n < T~(A n^ ^[K : Q] degCA^) 
< deg(A • D) = ^ , 

and hence A > 0, as required. □ 

Lemma 4.2. In this lemma, X is not necessarily an arithmetic surface, that is, X is a 
(d + Vj-dimensional, generically smooth, normal and projective arithmetic variety. Let D 
be an arithmetic H-Cartier divisor of C'^ -type on X. Then, 



'~im^ ^ —im ^ m ^^ ^ '~im^ ^ ejd + : QIvoKDk) 
vol(D) < vol(D + (0, e)) < vol(D) + 



for e e R>o. 



Proof. The first inequality is obvious. Note that || ■ ||,„(D+(oe)) = ^ "^^11 ' IUd 
m > 0. Thus, by using \{lh (3) in Proposition 2.1], there is a constant C such that 

log #H0(X, m(D + (0, e))) log #H"{X, mD) 
m^+^l{d + l)\ ~ m'*+V(rf + l)! 

^ e{d + 1){K : Q] dim^ H°(XK,mDK) ^ ^logm 
2 m'*/d! m 

holds for m » 1. Thus the second inequality follows. □ 

The following theorem is the main result of this paper. 

Theorem 4.3. Let D be an integrable arithmetic 'R-Cartier divisor of -type on X with 
deg(DK) > 0. Then deg(D ) = vol(D) if and only ifD is nef. 

Proof Let V : X' ^ X be a desingularization of X (cf. EOl). Then deg(v*(D)2) = 

deg(D ) and vol(v*(D)) = vol(D). Moreover, v*(D) is nef if and only if D is nef. 
Therefore, we may assume that X is regular. 

By [TTl, Corollary 5.5] and 112!, Proposition-Definition 6.4.1], if D is nef, then 

deg(D ) = vol(D), so that we need to show that if deg(D ) = vol(D), then D is nef. 
First we assume that D is big. Note that 

deg(D^) < voi,^(D) < voi(D). 

Thus, by Theorem 12.11 and Corollary |3.5[ D is relatively nef and jU]r^£(D) = 
for ^ G Xk- By |12i Theorem 9.2.1], there is a greatest element P of T(D) (cf. 
Conventions and terminology S]). If we set N := D - P, then D = P -I- N is a Zariski 
decomposition of D (cf. Proposition IB.1|) . Then, by |[T2l Claim 9.3.5.1] or IITSl 
Theorem 4.1.1], 

multi(N) = ^R,,c(D) = 

for all ^ G Xk, which implies that N is vertical. In particular, deg(D|^) > for all 
horizontal reduced and irreducible 1-dimensional closed subschemes C on X, and 
hence D is nef because D is relatively nef. 
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Next we assume that D is not big. Thendeg(D ) = vol(D) = 0. Thus, fore € ]R>o, 

e[K : Q] degCD^) = d^{(D + {0,e)f) < ^\(D + {0,e)) < e[K : Q] degCD^) 
by the generalized Hodge index theorem (cf . Theorem I2.1[) and Lemma 14.21 and 
hence D + (0,e) is big and deg((D + iO,£)f) = voi(D + (0,e)). Therefore, by the 
previous observation, D + (0, e) is nef for all e G R>o, which means that D is nef . □ 

As a corollary of the above theorem, we have the following: 

Corollary 4.4. Let D be an integrable arithmetic R-Cartier divisor of -type on X. Then 
D is nef if and only ifD is pseudo-effective and deg(D ) = vol(D). 

Proof. We need to show that if D is pseudo-effective and deg(D ) = vol(D), then 
D is nef. Clearly deg(Dx) > 0. If deg(Dj<c) > 0, then the nefness of D follows 
from Theorem |4.3[ Moreover, if deg(Dx) = 0, then (2) in Lemma 14.31 implies the 
assertion. □ 

5. Negative part of Zariski decomposition 

We assume that d = 1. As an application of Theorem |4.3[ let us see that the self- 
intersection number of the negative part of a Zariski decomposition is negative. 

Theorem 5.1. Let D be an integrable arithmetic 'R-Cartier divisor of C^-type on X such 
that deg(DK) > 0. Let D = P + N be a Zariski decomposition ofD (cf Conventions and 

terminology^. Then deg(N ) < if and only ifD is not nef. 

Proof. Firstof all, note that D is pseudo-effective. Asdeg(P-N) = by the following 
Lemma |5.2[ 

Q(D) - d^(D) = \^1(P) - d^(D) = d^{P^) - d^{D^) = -d^{N^). 

Therefore, by Corollary 14.41 D is not nef if and only if vol(D) > deg(D ). Thus the 
assertion follows. □ 

Lemma 5.2. Let D be an integrable arithmetic 'K-Cartier divisor of C^-type on X. If 
D = P + N is a Zariski decomposition ofD, then deg(P ■ N) = and deg(N ) < 0. 

Proof. ForO < e < l,wesetDe = P+eN. Then is integrable and vol(P) = vol(De) 

because _ _ _ _ 

vol(P) < vol(D^) < vol(D) = vol(P). 

Thus, by the generalized Hodge index theorem (cf. Theorem 12. 

d5((P + eNf) = d^iol) < \^1(D,) = \^1(P) = d^{P^), 

and hence 

2deg(P • N) + edeg(N^) < 0. 
In particular, deg(P ■ N) < 0. On the other hand, as P is nef and N is effective, 
deg(P • N) > 0. Thus deg(P • N) = and deg(N^) < 0. □ 
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Remark 5.3. If D is big, then the Zariski decomposition D = P + N is uniquely 
determined by [15, Theorem 4.2.1]. Otherwise, it is not necessarily unique. 

As a consequence of the above theorem, we have the following numerical char- 
acterization of the greatest element of T(D) (cf. Conventions and terminology SJ. 

Corollary 5.4. We assume that X is regular. Let D and P be arithmetic "R-Cartier divisors 
of -type on X. Then the following are equivalent: 

(1) P is the greatest element o/T(D), that is, P G Y(D) and M < P for all M G T(D). 

(2) P is an element o/ Y(D) with the following property: 

deg(P ■ B) = and deg(#) < 

for all integrable arithmetic 'R-Cartier divisors B of C^-type with (0, 0) $ B < 
D-P. 

Proof (1) =^ (2) : By Proposition [HI voi(D) = voi(P), so that P + B is a Zariski 
decomposition because 

voi(P) < voi(P + B) < voi(D). 

Thus deg(P ■ B) = by Lemma I5.2[ As B ^ (0, 0) and P is the greatest element of 
Y(D), P + B is not nef, so that deg(B^) < by Theorem IHl 

(2) =^ (1) : Let M be an element of T(D). If we set A = max{P,M} (cf. 
Conventions and terminology [D and B = A - P, then B is effective, A < D 
and A is nef by [ 1121 Lemma 9.1.2]. Moreover, 

B=A-P<D-P. 

If we assume B ^ (0, 0), then, by the property, deg(P ■ B) = and deg(B ) < 0. On 
the other hand, as A is nef and B is effective, 

< deg(A • B) = deg(P + B ■ B) = deg(B\ 

which is a contradiction, so that B = (0, 0), that is, P = A, which means that M < P, 
as required. □ 

Corollary 5.5. We assume that X is regular. Let D be an arithmetic R-Cartier divisor 
of C^-type on X such that T(D) ^ 0. Let P be the greatest element o/T(D) {cf. [|T2l 
Theorem 9.2.1]) and let N :=D-P. We assume that N ^0. LetN = CiCi + ■ ■ ■ + c/Q 
be the decomposition such that Ci, . . . , C/ G R>o and Ci, . . . ,Ci are distinct reduced and 
irreducible 1-dimensional closed subschemes on X. Let Ci = (Ci, hi), ...,Ci = (Q, hi) be 
effective arithmetic Cartier divisors ofC^-type such that such that Ci(Ci), . . .,Ci(C/) are 
positive currents and 

CiCi + ■ • • + ciCi < N. 

Then 

deg(P-Q) = --- = deg(P-Q) = 
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and the (l x I) symmetric matrix given by 

deg(Q ■ Cy) 

l<i<l 
!<;■</ 

is negative definite. 

Proof. For x = (xi, . . . , X/) G R^, we set = XiCi + • • • + X/C/ and = P + B^. If 
< X, < d for all z = 1, . . . , I, then B^ is integrable and (0, 0) < B^ < N. Thus, by 
Corollary 15.41 

= d^{P ■ % „)) = Cid5(^ ■ Ci) + • • • + C/d5(P • Q). 

Note that deg(P ■ Q) > for all z = 1, . . . , /. Therefore, 

d5(p.Q) = ... = d5(p.Q) = 
Here we claim the following: 

Claim 5.5.1. Ifx G (R>o)' \ {0}, then deg(B^) < 0. 

Proofi Note that Btx = tBx and that we can find a positive number t with ix, < c, 
(Vz). Thus we may assume that x, < c, (Vz), and hence the assertion follows by 
Corollary 15 .41 □ 

We need to see that if x G R' \ {0}, then deg(B^) < 0. We can choose 

y = (i/i, . . . , y/), z = (zi, . . . , z,) G (R>o)' 

such that X = y - z and {i | y, 0} fi {; | Zj 0} = 0. Note that either y or 

z ^0. Moreover, deg(By • Bz) > because By > (0,0), B^ > (0,0), Ci(B^) and Ci(Bz) 
are positive currents, and By and B^ have no common reduced and irreducible 
1-dimensional closed subschemes. Thus, by using the above claim, 

d^(B') = d5((B, - B,)2) = d5(B') + d5(B') - 2d5(B, • B,) < 0. 

□ 

Remark 5.6. By | fT2l Theorem 9.3.4, (4.1)], we can find effective arithmetic Cartier 
divisors Ci, . . . , C/ of C°-type such that Ci(Ci), . . . , CiiQ) are positive currents and 
CiCi + • • • + c/Q < iV. 

Example 5.7. Let = Proj(Z[ro, Ti]) and H, = {T, = 0} for z = 0, 1. We fix positive 
numbers flo/ '^i such that < 1, fli < 1 andflg+'^i ^ 1- Let us consider an arithmetic 
Cartier divisor D of C°°-type given by 

D := (Ho,log(flo +fli|z|^)), 

where z = Ti/Tq. Note that Ci(D) is a positive form. Moreover, D is pseudo- 
effective and not nef (cf. IfTSl Theorem 2.3]). In ||T3i Theorem 4.1], we give the 
greatest element of T(D) as follows: Let (p be a continuous function on the interval 
[0, 1] given by 

(p{x) = -(1 - x) log(l - x) - xlog(x) + (1 - x) log(flo) + ^log(fli). 
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and let d = mm{x e [0, 1] | (p{x) > 0} and 6 = max{x e [0, 1] | (p{x) > 0}. We set 

P:={dHo-mi,-p{z)), Ni:=(^Hi,ni(z)) and N2 := ((1 - 0)Ho,n2(z)), 
where p(z), ni(z) and n2(z) are Green functions given by 

if 1^1 ^ 



p{z) := 



ni(z) := 



n2(z) := 



^ log |zp 

log(flo + fli|zp) 

eiogizp 

log(flo + «i|zp) - ^ log |zp 




fli(l-S)' 

< Izl < 



if V 
if ^ 

if Iz| < 



/ ape 



fli(i-a)' 



if Izl > / "0^ 
if Izl < / "0^ 

log(fli + flo|z|-2) + (1 - 0) log |Z|2 if |Z| > 







fli(l-0)' 

Then P gives the greatest element of T(D) and D = P + (Ni + N2). It is easy to see 

that 

deg(P • Ni) = deg(P • N2) = and deg(Ni • N2) = 0. 

Moreover, 

d5(Ni • Ni) = d5(Ni • (Ni - ^5))) = d5(Ni • (^Ho, ni(z) + ^ log |zp)) 

/pi(C) 

.dd'^{\og{aQ + flilzp)) log(flo + flilzp) 



= ^deg(Ni| ) + ^ r Ci(Ni)(ni(z) + d log |zp) 



=i r 



<il(l-8) 



(l-^)log(l-^) + (log(flo) + l)^ 



In the same way. 



;r-,T7 01og(0) + (log(fli) + l)(l-0) 
deg(N2 • N2) = r . 



Thus the negative definite symmetric matrix (deg(N; • Ny))/,y=i,2 is 



f (l-^)log(l-g)+(log(go)+l)g 





eiog(e)+(iog(fli)+i)(i-e) 



Appendix A. Relative Zariski decomposition and pseudo-effectivity 

We assume that X is regular and d = 1. Let D = {D,g) be an arithmetic R- 
Cartier divisor of C-type on X. In this appendix, we would like to investigate the 
pseudo-effectivity of the relative Zariski decomposition. 
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Proposition A.l. We assume that deg(DK) > 0. Let Q be the greatest element ofTrei{D) 
(cf. Section^. Then D is pseudo-effective if and only ifQ is pseudo-effective. 

Proof. It is obvious that if Q is pseudo-effective, then D is also pseudo-effective, 
so that we assume that D is pseudo-effective. 

First we consider the case where deg(DK) > 0. Then, by |[T2l Proposition 6.3.3], 
D -I- (0,e) is big for any e G R>o. By the property (d) in Theorem II. 1[ the natural 
inclusion map H°(X, nQ) — > H°(X, nD) is bijective and || • = || ■ for each n > 0. 
Moreover, as 

II ■ II - = f""''^^ll • II - and II • II - = f""''/^ll • II - 

II lln(Q+(0,e)) ^ II ll«Q ^'^^^ H ll)!(D+(0,e)) ^ H HfiD' 

we have || • ll„(Q+(o,e)) = II ■ ll„(D+(o,e))' hence Q + (0,e) is big for all e G R>o. Thus 
the assertion follows. 

Next we assume that deg(DK) = 0. By | fT4l Theorem 2.3.3], there are (p G Rat(X)^, 
a vertical effective R-Cartier divisor E on X and an Foo-invariant continuous 
function vj on X(C) such that D = {(f))^^ + (£,/]) and n~^{P)red $2 Supp(E) for all 
P G Spec(OK)- For each embedding cr : K C, let X^ = X Xg^^^^^^^ Spec(C) and 
let Ag = miiXxeXalvi^)}- Note that = Ag for all o. Let A : X(C) ^ R be the local 
constant function such that the value of A on X^ is Ag. 

Here let us see that Q = {(p)^^ + (0, A) is the greatest element of T,-f,/(D). Otherwise, 
there is an integrable arithmetic R-Cartier divisor B — (B, b) of C°-type such that 
(0,0) < B < D - Q = {E,ri - A) and Q -I- B is relatively nef. Since b is continuous 
and 

dd'{[b]) = c^(B) = Ci(Q + B) 

is a positive current, b is plurisubharmonic on X(C), that is, & is a locally constant 
function. Let ba be the value of b on X,^. If we choose Xa G X,^ with Aa = ri{Xa), then 

0<ba< riiXa) -Aa = 0, 

and hence & = 0, so that, as Q -I- B is relatively nef, 

0<d5(Q + B-B) = d5((B,0)^). 

On the other hand, by Zariski's lemma, deg((B, 0)^) < 0. This is a contradiction. 

By [14, Lemma 2.3.4 and Lemma 2.3.5], (E, A) is pseudo-effective. On the other 
hand, by the following Lemma IA.2I there is a nef arithmetic R-Cartier divisor L 
of C°°-type such that degCL^) > and deg(L ■ (E,0)) = 0. Thus, 

t^^T~'^ rr degCL^R 
< deg(L • (E, A)) = 2^ ^ / 

a 

and hence Za Aa > 0. We set A' = {1/[K : Q]) Za Aa and ^ = A - A'. Then A' > 0, 
5a = and ^a = 5iT for all where ^a is the value of ^ on Xa. Thus, by 
Dirichlet's unit theorem, (0, ^) = (w)j^ for some u G <8) R. Therefore, 

Q = (5^7)j, + (0,A'), 
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which is pseudo-effective. □ 

Lemma A.2. Let C\, . . .,Cr be vertical reduced and irreducible 1-dimensional closed 
subschemes on X such that n~^{P)red ^ Ci U ■ • • U C,- for all P e Spec(Oj,c)- Then 
there is a nef arithmetic K-Cartier divisor L of C^-type such that deg(Lx) > and 
deg(L • (Q, 0)) = Ofor alli = l,..., r. 

Proof Let A be an ample arithmetic Cartier divisor of C^-type. By using Zariski's 
lemma, we can find a vertical effective R-Cartier divisor E such that 

d5((£, 0) • (C„ 0)) = - deg(A ■ (C, 0)) 

for all z = 1, . . . , r and that deg((E, 0) ■ (C, 0)) > for all vertical reduced and 
irreducible 1-dimensional closed subschemes C with C ^ {Ci, . . . , C,-}. Thus, if 
we set L := A + (E, 0), then L is a nef arithmetic R-Cartier divisor of C°°-type, 
deg(LK) > and deg(L • (C„ 0)) = for all z = 1, . . . , r. □ 

Appendix B. Small sections of arithmetic R-divisors 

Let D be an arithmetic R-Cartier divisor of C°-type on X. In this appendix, let 
us consider a generalization of |12t Proposition 9.3.3]. Its proof is much simpler 
than one of [12 , Proposition 9.3.3]. 

Proposition B.l. Let P be the greatest element o/T(D) (c/. Conventions and terminol- 
ogy^. Then, for (p e Rat(X)^, D -I- {(p)^ is effective if and only ifP + ((^)j^ is effective. In 
particular, the natural inclusion maps 

H\X,nP)^H\X,nD), Hy,X,P) ^ Hy,X,D) and H^{X,P)^H^^{X,D) 
are bijectivefor each n > 0. 

Proof. We assume that D -I- is effective. Then -(<^)k 6 T^^CD), and hence 
-((p)^ < P, that is, P + {(p)^ is effective. The converse is obvious. □ 

As a corollary of the above proposition, we have the following. 

Corollary B.2. We assume that d = 1. Let D = P + N be a Zariski decomposition ofD 
(Conventions and terminology^. IfD is big, then the natural inclusion maps 

H\X,nP)^H\X,nD), ff^{X,P) ^ H'^q{X,D) and H^{X,P)^ff^{X,D) 

are bijectivefor each n > 0. 

Proof. Let : X' ^ Xbe a desingularization of X (cf. (lOl). Then 

is a Zariski decomposition of [^*{D). Thus, by flSl Theorem 4.2.1], [^*{P) gives the 
greatest element of T{[i*{D)). Therefore, by Proposition lB.il 

H%X', n^*{P)) = H\X', n^*{D)) and H^(X', ^^P)) = H^(X', ^^D)) 
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for each n > 0, where K is either Q or R. Let us consider the following commuta- 
tive diagrams: 

H%X,nD) > H%X',ni^*(D)) H^(X,D) > H^(X',^r(D)) 

Note that each horizontal arrow is bijective. Thus the assertions follows. □ 
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